S1. Sample characterizations

S1.1 XRD characterization to correlate the sample directions and crystalline orientations
To correlate the ribbon-like sample shape and the crystalline orientations using X-ray diffraction (XRD), the [0m0] planes and the direction of the b axis were first determined by aligning the crystal in the X-ray diffractometer in order to optimize the intensity of the [0m0] diffraction peaks ( Figure 1C) . To identify the in-plane lattice orientation, we chose to measure the [061] planes which have relatively strong diffraction peaks (as depicted in Figure 1D ) and an in-plane component parallel to the c axis (armchair direction). The direction of the [061] planes was described by the vector perpendicular to the planes, as indicated by the solid red line in Figure   S1 . 
S1.2 Sample characterization for quality check
Defect characterization is not a simple matter for BP flakes. The most sensitive techniques are electrical characterization, including deep level transient spectroscopy (DLTS), photocapacitance, and impedance spectroscopy. However, all these three electrical measurements require at a minimum the formation of lateral p-n junctions. This is extremely difficult for BP because of our limited understanding of its doping. We have used Raman spectroscopy and high-resolution transmission electron microscope (HR-TEM) to inspect BP samples as shown in Figure S2 , in addition to the XRD characterization presented in Figure 1C and Figure 1D . The peaks in both
Raman and XRD are sharp and all of the peaks can be indexed to BP. The HR-TEM results clearly show the expected BP structure. Although these characterizations cannot completely rule out the presence of defects, they indicate that the BP samples are highly crystalline and in good quality. 
S2. Thermal conductivity characterization: TDTR and TR-MOKE
The anisotropic thermal conductivities of the BP samples are characterized by the ultrafast laser-based TR-MOKE. [1] In TR-MOKE, a balanced photodetector senses the (B) (A) 4 polarization variation of the probe beam reflected from the magnetic transducer. This polarization variation is linearly correlated to the thermal demagnetization-induced Kerr rotation angle of the magnetic transducer (θk), when it is subjected to a small temperature rise upon pump heating and a subsequent cooling. [1] Comparing to the standard TDTR which monitors the temperature-induced reflectivity change in the probe beam reflected from an optically thick (~70-100 nm) metallic film. [2] TR-MOKE allows for the use of optically thin magnetic transducers (~20-30 nm) with relatively low thermal conductivities and enhances the measurement sensitivity, especially for the in-plane thermal conductivity characterization of the underlying material. [1] [2] [3] The sensitivity analysis also confirms that TR-MOKE serves as a better choice for the in-plane thermal conductivity characterization of BP.
For the through-plane thermal conductivity measurements of the reference SiO2 sample and BP flakes, a 5× objective lens was used to produce a 1/e 2 spot radius of w0 = 12 μm for both pump and probe beams. A modulation frequency of 9 MHz was used for the through-plane thermal conductivity measurements. For through-plane measurements of anisotropic BP flakes, the combination of large beam spot size and high modulation frequencies facilitate onedimensional heat flow approximation; therefore, the anisotropy has negligible effects on extracting the through-plane thermal conductivity. The total laser power was chosen to be 18 mW with a power ratio of 2:1 for pump and probe beams, which provides an excellent balance between a good signal-to-noise ratio and a moderate steady-state heating at room temperature for all samples studied in this work (∆Tss ≈ 10 K as detailed in Section S2.5).
For the in-plane thermal conductivity measurements of the reference samples and BP flakes, a 20× objective lens with a 1/e 2 spot radius of w0 = 3 μm and a laser modulation frequency of 1.6 MHz were used. This combination of a smaller beam spot size and a low 5 modulation frequency facilitates the in-plane heat spreading, which improves the measurement sensitivity to the in-plane thermal transport in BP flakes. All in-plane thermal conductivity measurements were taken at negative time delay of 50 ps to minimize the measurement uncertainty due to errors in setting the reference phase. [1] The TR-MOKE measurements were conducted for an area of 16 m × 16 m to extract in-plane thermal conductivity. Some artifacts in the TR-MOKE signal are expected due to the drift of laser power and wavelength over a long duration of scanning (1 ~ 2 hours). We minimize those artifacts by correcting the TR-MOKE signal with the power signals of both the pump and probe beams monitored with a fast-response power meter and a photodiode detector, throughout the entire measurement duration. This signal correction approach adequately suppresses those artifacts.
S2.1 Deposition and characterization of metal transducers
Amorphous rare-earth transition metal (RE-TM) alloys, such as GdFeCo, TbFeCo, and TbFe, have been investigated for magneto-optical recording applications in the past decades. [4, 5] This family of materials has a large perpendicular magnetic anisotropy and a strong magneto-optical effect, which generates large Kerr rotation. In particular, the amorphous nature of RE-TM alloys gives relatively low magneto-optical media noise due to optical inhomogeneity, which is an advantage over polycrystalline magnetic films. [5] In our work, a layer of amorphous RE-TM alloy, TbFe, has been used as magnetic transducer layer for thermal conductivity measurement to that of other magneto-optical materials, such as Co/Pt and Co/Pd multilayers. [6] Amorphous
TbFe alloys have low Curie temperatures and poor thermal stability. This is detrimental for recording device applications; however, these same properties result in a large thermal-magnetic variation, which is desirable for enhancing signal-to-noise ratio in our thermal conductivity measurement. as shown in Figure S3A . Figure S3B shows the hysteresis loop of TbFe with the magnetic field applied out-of-plane using a vibrating sample magnetometer. It has a square loop with almost 100% remanance, indicating good perpendicular magnetic anisotropy in our films. This is required in our TR-MOKE measurement. The coercivity is ~1.97 kOe, which was optimized to meet the maximum applied field of our setup ability. The saturated magnetization (Ms) of the TbFe is ~420 emu cm 3 .
For comparison of through-plane thermal conductivity measurement using TR-MOKE and TDTR, one BP flake was also coated with an 80-nm Al transducer for TDRTR measurement using e-beam evaporation. The Al film serves as both a light absorber and a thermoreflectance transducer in the TDTR measurements. [3, [7] [8] [9] Similar to the magnetic transducer deposition, a reference sample of 300-nm SiO2 on silicon was also loaded inside the sputtering chamber together with the BP sample, for calibrating the thermal properties of the Al transducer. The electrical conductivity of the Al transducer was obtained from the 4-point probe technique. The thermal conductivity of the Al transducer was then determined with the Wiedemann-Franz Law.
The heat capacity of the Al transducer was taken from literature. [10] For the TbFe alloy magnetic transducer, the thermal conductivity and heat capacity were obtained, respectively, from the in-8 plane beam offset and through-plane TR-MOKE measurements on the reference SiO2 sample, which are detailed later in S2.4.
S2.2 Beam spot size measurement in TR-MOKE and TDTR
All of the beam spot sizes used in this work were calibrated using the positive time delay beam offset measurements at high modulation frequency. Figure S4 presents a typical measured Vin signal at 20 ps time delay at 9 MHz on SiO2 reference samples coated with the 26.9-nm TbFe transducer layer. The solid lines are the best fit with a Gaussian function, used to extract w0. [3] The fitted w0 along two perpendicular directions are 3.59 and 3.62 m, which gives an ellipticity for the spot of 1 ± 0.01 and thus excludes the contribution from the beam spots to the anisotropy of the 2D contour plots of the TR-MOKE signal. 
S2.3 Sensitivity analysis of TR-MOKE signals
For the through-plane thermal conductivity measurement, the sensitivity of the ratio signal (-Vin / Vout) to a nominal parameter "σ" is defined as
where σ represents one of the geometrical parameters or thermal properties, and the subscript "z"
denotes the through-plane direction. We analyze the full width at half maximum (FWHM) of the out-of-phase signal at negative time delay for the in-plane beam offset measurement; thus for the in-plane measurement, the sensitivity of the FWHM of Vout is defined as
where the subscript "r" denotes the in-plane radial direction for general thermal properties. For BP crystals lacking of in-plane symmetry, r refers to any in-plane direction and is equivalent to the notation of "a" or "c" when the direction of interest is along either the zigzag or armchair crystalline orientations of BP. Figure S4C ). This situation is improved by in-plane TR-MOKE measurements. When the TbFe transducer is used, its lower thermal conductivity (≤ 20 W m 1 K 1 ) and smaller thickness will not only enhance the in-plane thermal transport in the BP crystal but will also make the measurement less sensitive to the transducer properties. Both of these effects are favored for reducing the uncertainty of the inplane TR-MOKE measurements. As shown in Figure S5B , the measurement sensitivity to a or cof BP, over the range from 30 to 110 W m 1 K 1 , is one order of magnitude higher than that to r,m, and is three orders of magnitude higher than that to z,m (not shown in Figure S5 due to the small amplitude of the measurement sensitivity to z,m, which is ~10 4 ). Overall, the measurement is mostly sensitive to r,BP and CBP among all the parameters, except for w0, which we precisely characterized for each measurement to reduce the measurement uncertainty. 
S2.4 Control measurements of reference samples
For thermal modeling analysis, some thermo-physical properties and geometric parameters need to be used as inputs. These include the heat capacity (Cm), thickness (hm), and thermal conductivity (both in-plane r,m, and through-plane z,m) of the metallic transducer which can be either nonmagnetic Al or magnetic TbFe, and the through-plane thermal conductivity (z,BP, equivalent to b for BP following the crystalline orientation notation as defined in Figure 1 ). To further reduce the uncertainties propagated from these input parameters and to validate the 
experimental approach, we carried out a series of control measurements using SiO2 and silicon as reference samples.
In sample is within the range of the thermal conductivity of heavily doped silicon wafers at room temperature reported in literature. [12, 13] Excellent agreement between the in-plane thermal conductivities measured by beam-offset TR-MOKE and through-plane thermal conductivity measured by TDTR has been achieved, which demonstrates the experimental approach in this work is reliable and accurate for probing the in-plane thermal properties of high-thermal conductivity materials.
S2.5 Steady-state heating
The temperature rise of steady-state heating (∆Tss) in TR-MOKE measurement can be estimated using [11] m ss 0
where m is the absorption coefficient of the metal transducer film,  is the thermal conductivity of the substrate, w0 is the beam spot radius, and P is the total power of the laser beam. Since the absorption coefficient of the TbFe film is unknown, we estimate its value by comparing the reflectivity of the probe beam from the BP samples coated with TbFe and from the reference 
where Al = 0.1 for an optically opaque Al film. TbFe is thus calculated to be ≈0.44. The geometric mean of the 3D anisotropic thermal conductivity of BP is used to estimate ∆Tss, which
With a pump power of 12 mW and a probe power of 6 mW, ∆Tss is calculated to be 10 K for BP using Equation (S3), which validates the use of the linear heat transfer model. [11] 
S2.6 Laser drift correction by monitoring the beam power
We minimize the artifacts due to the laser power and wavelength drift by correcting the TR- 
S3. First-principles calculation for phonon transport
S3.1 Solutions of Peierls-Boltzmann transport equation
We performed first-principles-based Peierls-Boltzmann transport equation calculations to predict the thermal conductivity of both bulk and monolayer BP.
To calculate the thermal conductivity along (= , , ) direction, a small temperature gradient was applied along direction, , to perturb the phonon population from the equilibrium Bose-Einstein distribution, 0 to the non-equilibrium one , where stands for the s-th phonon mode at in the first Brillouin zone. When the steady state was achieved, the heat flux can be expressed as the summation of the contributions from all phonon modes through
where ℏ is the Planck constant, and are the frequency and group velocity of phonon mode . The phonon frequency and = ∇ obtained from the phonon dispersion of the crystal, which is related to the second-order harmonic force constants of the crystal, . After was calculated with the contributions from all phonon modes, the macroscopic thermal conductivity was then derived using the Fourier's law of heat conduction, Λ = /( ). In order to evaluate the heat flux driven by the applied small temperature gradient, non-equilibrium phonon distribution of each phonon mode in Equation (S5) needs to be determined.
To determine the non-equilibrium phonon population distribution in Equation (S5), it is convenient to express in the form of 0 + 0 ( 0 + 1) with deviation function [14, 15] . The linearized PBTE, which describes the balance between phonon diffusion driven by the applied temperature gradient and phonon scattering, was then solved for the non-equilibrium phonon distribution function, or its equivalent . In this work, we considered the three-phonon scattering, and the corresponding PBTE can be expressed as: [14, 15] 
where is the eigenvector of the dynamical matrix, is the atom mass, 0 is the number of unit cells, and the ( , ) represents the -th atom in the unit cell located in .
In the calculation for bulk (monolayer) BP, we sampled the first Brillouin zone using a N×N×N (N×N×1 ) q-mesh. For each phonon mode in the discrete point q, we had to find out all possible phonon pairs to scatter with it, which makes both the momentum conservation and energy conservation held after scattering with the given phonon mode. Here, we employed the phase-space method. [14, 16] In this method, the first Brillouin zone of bulk (monolayer) BP is 20 discreted to N×N (N×1 ) one-dimensional sub-space, and for the given phonon mode, the possible phonon pairs that can interact with it are searched along the one-dimensional space.
The PBTE, Equation (S6), clearly shows that the phonon distribution function of each phonon mode is coupled with the distribution of other phonon modes, which indeed makes the PBTE challenging to solve. One way to solve the PBTE is to use the so-called single-mode relaxation time approximation (SMRTA) by assuming each phonon mode is decoupled with other modes, or ′ ′ = ′′ ′′ = 0. Then, the thermal conductivity is written as
where Ω is the volume of the primitive unit cell, is the phonon relaxation time from the SMRTA, which is given by
Due to the simplicity of SMRTA, it has been widely used in literature to analyze the thermal conductivity data. However, SMRTA cannot distinguish the resistive Umklapp process and the normal process, which does not directly provide the resistance to the heat flow, leading to underestimation of the thermal conductivity. [17] With recent advances, the set of linear equations Equation (S6), with respect to , can be self-consistently solved through iterative method. [14] Here we employed the biconjugate gradient stabilized method (Bi-CGSTAB) , [18] a variant of the conjugate gradient algorithm, to iteratively solve it. After was calculated, the thermal conductivity can be expressed as
By strictly solving Equation (S6) iteratively, the coupling among different phonon modes has been naturally taken into account.
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To quantify the importance that the temperature gradient collective scattering behavior of all the phonon modes plays on anisotropic phonon transport, we rewrite Equation (S12) into the form of Equation (S10) to defining the effective phonon relaxation time ̃ in the iterative approach, which is expressed as
S3.2 Extracting interatomic force constants from first-principles calculations
To obtain phonon dispersion and the phonon-phonon scattering rates in Equation (S7) and Equation (S8) for computing the thermal conductivity, we need to calculate both the secondorder harmonic force constants and the third-order anharmonic force constants of bulk and monolayer BP. We applied the first-principles calculations to obtain their equilibrium crystal structures and then to extract the interatomic force constants corresponding to the equilibrium crystal structures.
Our first-principles calculations were carried out using the Vienna ab initio Simulation Package (VASP). [19] The projector augmented wave pseudopotential with PBE functional [20] is employed. For bulk BP, we took into account the van der Waals interaction by using the dispersion correction (DFT-D) proposed by Grimme. [21] We used periodic boundary conditions throughout the study. In the simulation of monolayer BP, a 15 Å thick vacuum region is inserted between two BP layers in neighboring images. Figure S8 illustrates the unit cells for bulk and monolayer BP. The kinetic-energy cut-off for the plane-wave basis set is set to be 500 eV and a 12×12×6 (12×12×1 ) Monkhorst-Pack mesh is used to sample the reciprocal space of bulk (monolayer) BP. When we further refine these two parameters, the energy change is smaller than 1 meV per atom. The crystal structure, including the lattice constants and atom coordinates, is 22 relaxed through the conjugate gradient algorithm until the stress within the material is zero and the atomic forces are smaller than 1×10 5 eV Å 1 . The optimized lattice constants, which are denoted as a, b and c for the zigzag, through-plane and armchair directions, respectively, are summarized in Table S2 . Figure S8 . Crystal structure of (A) bulk and (B) monolayer BP.
With the obtained equilibrium crystal structures, we extracted the interatomic force constants using the supercell-based method in the first-principles calculations. [24] The force component in direction on each atom in a supercell is expressed as [24] = − ∑ where is displacement of an atom away from its equilibrium position. When calculating the second-order harmonic force constants, we displaced one atom in a supercell by a small displacement Δ = 0.02 Å away from its equilibrium position along ± , ± and ± directions, and then recorded the forces of all atoms in the supercell. With the recorded forces, we extracted the second-order harmonic force constants by fitting the displacement-force data set according to Equation (S14).
The cutoff of the harmonic interactions is chosen to be 3.0 a (~ 10 Å). For monolayer BP, we used the supercell made up of 6×6×1 primitive unit cells to generate displacement-force data set. For bulk phosphorus, in order to take the interlayer interaction into account, more than one layers should be included in the supercell, leading to the computational challenges due to the large amount of atoms in the simulation. To avoid employing big supercells to obtain the displacement-force data corresponding to the long-range interlayer interaction, we used two kinds of small supercells with different dimensions (6×6×1 and 4×4×2 conventional unit cells) to generate two sets of displacement-force data sets, which are fitted simultaneously to extract the second-order harmonic force constants.
With the extracted harmonic force constants, the phonon dispersion of BP is calculated. Figure S9 shows that the calculated phonon dispersion of bulk BP agrees reasonably well with the experimental data from the inelastic neutron scattering measurement. [25] Figure S9. The phonon dispersion of bulk BP. Black lines are the calculated phonon dispersion using the second-order harmonic force constants extracted from first-principles calculations. Blue dots are the experimental results from inelastic neutron scattering measurement. [25] Similarly, to extract the third-order anharmonic force constants for bulk (monolayer) BP, we displaced two atoms in a 4×3×2 (4×3×1) conventional unit cell with a distance of 0.02 Å along different directions simultaneously. With the recorded force information on all atoms in the supercell, the third-order force constants was then calculated using the finite-difference scheme: [26] , As the calculated thermal conductivity is highly sensitive to the cutoff used for the calculation of the third-order force constants, we carefully tested the choice of cutoff. Figure   S10 shows the calculate thermal conductivity of bulk BP with different cutoff using a 13×13×13
q-point phonon mesh on the first Brillouin zone. It is clearly seen that a too small cutoff could substantially overestimate the thermal conductivity along all directions. When the cutoff is larger 
S3.3 Calculation of thermal conductivity in bulk and monolayer black phosphorus
Before calculating the temperature-dependent thermal conductivity of monolayer and bulk BP, we carefully examined how the thermal conductivity changes with the q-point mesh, which is used to evaluate the integrals in Equation (S5) and Equation (S6), at room temperature.
We tested a series of N×N×N meshes and found that the thermal conductivity is almost constant (within 1%) when N > 41 for monolayer one and N > 15 for bulk one, as shown in Figure S11 .
Therefore, we used N = 61 and N = 19 in the remaining thermal conductivity calculations for monolayer and bulk BP, respectively. Table S3 summarizes our results in comparison with the data reported in literature. Since some previous works employed single-mode relaxation approximation (RTA) to calculate the thermal conductivity, we also list our SMRTA results in Table S3 . In general, our results are close to Zhu et al [27] as well as Jain and Mcgaughey. [28] Figure S12 presents the temperature-dependent thermal conductivity. We noticed that a recent study [30] reported their calculated thermal conductivity to be about 155, 45, and 65 W m 1 K 1 for the zigzag, through-plane and armchair directions, which are substantially higher than our computational results and measured values. This is probably due to a too small cutoff for the third-order force constants used in their study, which was set to be only the fourth nearest neighbors (~3.3 Å). With such a small cutoff, the interlayer interaction is totally ignored, leading to an unphysically high value for the through-plane thermal conductivity. Figure S12 . The calculated thermal conductivity of both bulk and monolayer BP as a function of temperature.
At last, it should be mentioned that in our first-principles-based PBTE calculations, we studied the black phosphorus sample with an infinitely large size. In other words, the phonon- For the in-plane thermal conductivity measurements, the beam spot size (a 6-μm-indiameter spot size was used) is larger than or comparable to the mean free path of most of the heat-carrying phonons. Therefore, the phonon transport along the zigzag and armchair directions are diffusive and the boundary scattering should not play a significant role on the thermal conductivity.
For phonon transport in the through-plane direction, we find that the thermal penetration length is only about 350 nm. This indicates that the heat carried by the phonons with mean free paths larger than ~350 nm is suppressed in the pump-probe measurements. As a result, we indeed found that the calculated through-plane thermal conductivity from our calculations is larger than the measured value. However, since the aim of our first-principles calculations is to elucidate the origins of anisotropic thermal conductivity of black phosphorus, we did not include the boundary scattering in our calculations.
